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Abstract 



We propose an n-dimensional analogue of elliptic difference Painlcvc equation. 
Some Weyl group acts on a family of rational varieties obtained by successive blow- 
£H . ups at m points in P"(C), and in many cases they include the affine Weyl groups with 

symmetric Cartan matrices as subgroups. It is shown that the dynamical systems 
obtained by translations of these affine Weyl groups possess commuting flows and that 
their degrees grow quadratically. For the Ej ' and cases, existence of preserved 
{SJ ■ quantities is investigated. The elliptic difference case is also studied. 

> 

\0 ■ 1 Introduction 
O 

Since the introduction of the singularity confinement method by Grammaticos et al. [9]I15]. 
the seeking of discrete integrable systems progressed extensively. Particularly, based on 
the pioneering work by Looijenga [II], Sakai classified the relationship between discrete 
Painleve equations and rational surfaces [17]. On the other hand, it has become clear 
that the property of singularity confinement (which is equivalent to the possibility of 
lifting maps to the sequence of isomorphisms of rational surfaces) does not guarantee 
integrability, and the notion of growth order of the algebraic degree was proposed as its 
reinforcement |11[ fl"9j I22j . While the two-dimensional case has been studied in detail, 
there are few studies that include the relationship between higher-dimensional integrable 
systems and higher-dimensional algebraic varieties. 

As studied by Coble [5] and Dolgachev-Ortland [6], it is known that some Weyl 
groups act as pseudo-isomorphisms (isomorphisms except sub-varieties of co-dimension 2 
or higher) on a family of rational varieties obtained by successive blow-ups at m (m > n+2) 
points in P n (C). Here, the Weyl group is given by the Dynkin diagram in Fig. Q]and de- 
noted by W(n,m). The Weyl group W(n,m) increases in size if m increases (Tabled]). 

In this paper, we study the dynamical systems defined by translations of the affine Weyl 
group with the symmetric Cartan matrix included in W(n,m). If m > n + 7, W(n,m) 
includes the affine Weyl group of type E$ . However, it is adequate to consider the case of 
m = n + 7, because the affine Weyl group acts trivially on the part obtained by the blow-up 
at the i-th point for i > n + 7. The same argument holds true for the case of m = n + 4 
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Figure 1: W(n,m) Dynkin diagram 
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1. "ind." implies an indefinite type. 

2. *, t, and ^ imply that W(E^), and W(-Et^) are included, respectively. 



(n > 5) or n + 5 (n > 3). The Weyl group W(n, m) includes the affine Weyl group of 
type E^ or type E^ in each case. In the case of n = 2, m = 9, our dynamical system 
coincides with the elliptic difference Painleve equation proposed by Sakai [T7], from which 
discrete and continuous Painleve equations are obtained by degeneration. The case when 
n = 3, m = 8 was studied in [21], and it was revealed that this system can be reduced to 
the case of n = 2, m = 9. 

Our dynamical systems posses commuting flows by construction, while a general ele- 
ment of infinite order in the Weyl group of an indefinite type does not possess such flows 
[19] . In this paper, we show that the degrees of the systems grow in the quadratic order, 
and therefore, their algebraic entropy is zero. We employ the theory on the relationshpips 
between the algebraic degree and the actions on cohomology groups for birational (or ra- 
tional) dynamical systems, which has been studied by several authors for two-dimensional 
autonomous cases (for example, Bellon [2], Cantat and Diller-Favre [7]). In [20], the 
author studied two-dimensional non-autonomous birational cases and showed that the de- 
grees of discrete Painleve equations grow at most quadratically. Bedford and Kim pQ 
recently analyzed these relationships for certain higher-dimensional autonomous dynam- 
ical systems proposed by Borkaa et al. [3], which occur as a degenerated case in our 
systems. 

Investigation of preserved quantities of our systems are divided into (i) to solve for 
parameters (if it is achieved, the parameters are considered to be independent variables) 
, and (ii) to solve for dependent variables. Although our systems preserve some hyper- 
surfaces, it might be impossible to solve them even for their parameters. However, it 
can be done if all the points of the blow-ups lie on an elliptic curve. We also present a 
conjecture related to preserved quantities for dependent variables in this case. 

This article is organized as follows. In Section 2, we review the relationship between 
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rational varieties and groups of Cremona transformations, and we introduce n-dimensional 
dynamical systems associated with affine Weyl groups. In Section 3, we calculate the 
algebraic degrees of the systems and show that they grow quadratically. In Section 4, the 
existence of preserved quantities for E^p and E^ cases is investigated. In Section 5, the 
case where all the points of the blow-ups lie on an elliptic curve is studied. Section 6 is 
devoted to conclusions. 



2 Defining manifolds and Weyl group actions 



Let m > n + 2. Let X n>m be the configuration space of ordered m points in 



PGL(n + 1) 



/ ooi 
\a n i 



the determinant of 
every (n + 1) x (n + 1) 
matrix is nonzero 



where PGL{n + 1) denotes the group of general projective linear transformations of the 
dimension n + 1. X n%m is a quasi-projective variety of the dimension n{m — n — 2). We 



also consider X\ m ~ X(n,m + 1) with a natural projection it : X} t , r 
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where each fiber is P n and X n ^ m is referred to as the parameter space. 

Let A G X njTn , and let Xa be the rational variety obtained by successive blow-ups 
at the points Pi = (a^i : ••• : a n i) (i = 1,2, ■■■ ,m) from P n . We denote the family of 
rational projective varieties Xa {A <G X n ^ m ) as X„ m , which also has the natural fibration 

Let E be the divisor class on Xa of the total transform of a hyper-plane in P n , and 
let Ei be the exceptional divisor class generated by the blow-up at a point Pi. The group 
of divisor classes of Xa'- V\c(Xa) — H 1 (Xa,O x ) ~ H 2 (Xa,%) (the second equivalence 
arises from the fact that Xa is a rational projective variety) is described as the lattice 



Pic(X^ 



ze e ZEi e ze 2 



jEn 



(1) 



It should be noted that this cohomology group is independent of A, while Xa is not 
isomorphic to Xa> for A'(^ A) G X ntrn in general. 

Let e G H2 {Xa , Z) be the class of a generic line in P ra , and let ej be the class of a 
generic line in the exceptional divisor of the blow-up at a point Pj. Then, e, ei, e2, . . . , e m 
form a basis of i?2 {Xa , Z) ~ (i? 2 (Xyi, Z))* (the equivalence is guaranteed by the Poincare 
duality), and the intersection numbers are given by 

(E, e) = 1, (E, ej) = 0, (E i: e) = 0, (E^ej) = -5 iyj . 
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Following Dolgachev-Ortland [6], we adopt the root basis {oq, • • • , a m _i} C H 2 (Xa, 



and the co-root basis {a v , • • • , a]f n _ 1 } C Hi {Xa > ^) as 



■ (n — l)e — ei 



n+l, 



e2 



--n+l j 



Oti - 



Ei 
- ei 



E l+ i (i>0) 
e i+ i (i > 0), 



then (ai,a^) = —2 holds for any i, and these root bases define the Dynkin diagram of 
type T2,n+i,m-n-i by assigning a root Oj to each vertex on and connecting two distinct 
vertices Qj and otj if (atj, aj) = 1 (in our case (aj, aj) = or 1 for i ^ j) (Fig. CD). 

Let us define the root lattice Q = Q(n,m) C H 2 (Xa,%) and the co-root lattice Q v = 



Q v (n,m) C H 2 (X A ,Z) as Q = Za ©Zaie- • -eZa m „i and Q v 
respectively. For each a-j, the formulae 



r ^*(£>) = ^ + {D,a%)ati for any D £ Q 
r ait{d) = d+ (ai,d)at- for any d £ Q w 



v 

m— 1 ' 



(2) 



define linear involutions (termed simple reflections) of the bi-lattice (Q,Q^), and they 
generate the Weyl group W of type 22 )fl -fi,m-n-i) which we denote as W*(n, m). 

These simple reflections correspond to certain birational transformations on the fiber 
X n ^ m . Let us define birational transformations r^j (1 < % < j < m) and 



space 7T : X\ 



in (1 < *o < • • • < in < m) on the fiber space as follows: 



exchanges the points Pi and 

r t,j : ( • • • I a i I • • • I a j 



x )"( 



X 



and rj 0] j lr .. ^ n is the standard Cremona transformation with respect to the points Pi , P^ , ■ ■ ■ , Pi n . 
for example, 7*1 2 — n+l is the composition of a projective transformation and the standard 
Cremona transformation with respect to the origins (0 : • • • : : 1 : • • • : 0) as 



n,2,-, n +l ■ (A\x) = ( A lt ... >n+ i I A n 
( 



'n+l 



V 



1. 1 



+2,— ,m 

: \ 



: / 



* ) » A^. in+1 { A I x ) 
/ 



'n+l 



V 
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where Aj 1 j 2 ^...j k denotes the (n + l) x ^ matrix (a^ | • • • | a Jfc ), and Ik denotes the k x k 
identity matrix. 

Remark 2.1. The birational map r$ cannot be defined on the fiberes of the parameters 
that satisfy Pi = Pj, in which case we blow-up at Pj after at Pi. Although the points Pi 
and Pj should be exchanged by rjj, it is impossible to simultaneously preserve the order 
of blow-ups. The condition Pi = Pj is equivalent to the condition that the divisor class 



Oti + 



+ a. 



Ei - Ej G H 2 (X A , 



is effective. This situation was studied in detail 



by Saito and Umemura [16J in n = 2 cases and its relationship with the notion of flop 
was revealed. The birational map ri 2,— ,n+l cannot be defined for the fibers of parameters 
satisfying det A\ t ... >n +i = 0, which is equivalent to the points Pi, P2, • • • , P n +i being on the 
same hyper-plane in P n and the divisor class ao = E — E\ — E2 — ■ ■ ■ — E n+ \ £ H 2 (Xa, Z) 
being effective. Such a hyper-surface is referred nodal one (cf. Prop. [23 
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Let w denote the reflection r^j or ri 0j i lr . t i n . The reflection w acts on the parameter 
space X n ^ m and preserves the fibration ir : X\ m — > X n>m . As previously mentioned, 
H 2 (Xa,Z) is independent of A G A"„ im . Hence, w defines an action on this cohomology 
group. Moreover, the induced birational map w : Xa — * X w r A \ for generic A G X n ^ m 
is a pseudo-isomorphism, i.e., an isomorphism except sub-manifolds of co-dimension 2 or 
higher, and the lines corresponding to the classes e and can be chosen in a manner 
such that they do not meet the excluded part. Since H 2 (Xa,Z) is also independent of 
A G X n-m , w defines an action on this homology group and preserves the intersection form 
(.,.) :H 2 (X A ,Z) xH 2 (X A ,Z)^Z. 

The birational maps r^j+i and r± 2 ... n +l correspond to the simple reflections r aiJf 
(1 < i < to— 1) and r ao ^, respectively. Indeed, their push-forward actions on H 2 (Xa, Z) — ► 
H 2 (X W ( A ),Z) {w = n t i+i or ri )2 ,...,n+l) and on H 2 (X A ,Z) -> H 2 {X W ( A ),Z) are given by 
the formulae: 

r i>i+u (D) = D + (D,at)ai 
r^i+i^d) = d+(ai,d)af 
r x , 2 ,.. >n+u {D) = D + (D,a%)ao [) 
ri,2,- ,n+l*(d) = d+(a ,d)a% 

for any D G H 2 (X A ,Z) and any d G i?2pd,Z). The formulae ([3]) are extensions of 
onto these (co)-homology groups. 

Let W(n, m) denote the group generated by r^j+i (i = 1, 2, • • • , m — 1) and n,2,--- ,n+i- 
It should be noted that W(n,m) acts on the X n ^ m except "the nordal set" (see Prop. [23]). 

Lemma 2.2. W(n,m) ~ W*(n.m) holds during the correspondence r^+i ~ r aiif (1 < i < 
m-l) and r lt2 ,-, n +i ^ r aosf . 

Proof. It is sufficient to show that for any w* G W*(n,m), there exists a unique element 
u> G VF(n,m), which coincides with u;* on Q(n,m). From ([3|), such w G W(n,m) can be 
easily constructed. Hence, we show the uniqueness of such w. 

Let both w,w' G W(n, m) coincide with w* £ W*(ra, m) on Q(n,m). It is sufficient to 
prove that w' 1 o u/ is the identity on Pic(X^) ~ H 2 (Xa,Z). 

Since w' 1 o w' induces the identity of Q(n,m) and Q w (n,m), we can assume that 
w~ l o w' acts on H 2 (X A ,Z) and on ff 2 (^A,Z) as E ^ E + {n + l)xK, E { i-» + xif, 
and enH ^zi^i e « ^ e « + for some 2/ G M, if G H 2 (X A , Z) and G H 2 (X A , Z). 
By (oi.d) = (aj,^- 1 ou/),(d)) and (-D,a, v ) = ((u^ 1 o «/)„(£)), qV) for D = E,E { and 
d = e, ei, we have if = ^zr-E — E\ — E 2 — ■ ■ ■ — E m and k = (n + l)e — ei — e 2 — ■ ■ ■ — e m . 
By (D, d) = {(w~ l o v/)*(D), (u-^ 1 o we have 

.x + y + pxy = 

x + 2±iy + f^pxy = 
(n + l)x + y + (n + l)pxy = 0, 

where p = m ' therefore, x = y = holds. rj 

For a real root a = u>*(aj) with to G W(n, to) , we also define the reflection r a as 
w o r a . o id -1 . Then, the formulae 

r a*(D) = D + {D,a / )a 
= d+(a,d)a v 
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hold for any D £ H 2 (Xa,^) and any d £ H2(X a,^) ■ It should be noted that both 
E — Ei Q — E^ x — ■ ■ ■ — Ei n and Ei — Ej are real roots and their dual roots are (n — l)e — 
Ci — ei x — ■ ■ ■ — &i n and ej — ej, respectively. 

We have shown the following proposition. 
Proposition 2.3 (Coble, Dolgachev-Ortland). Let m > n + 2. 

i) The actions r^.j+i (1 < i < m — 1) and ri^-.^n+i generate the Weyl group W(n,m) 
corresponding to the Dynkin diagram of Fig\^ 

ii) Each element w £ W(n,m) defines an action on H 2 (Xa,%) and H2(Xa, and 
preserves the intersection form {.,.) : H 2 (Xa,%) X H2(Xa,%<) — > 

iii) T/ie birational maps r^+i and ri 2,— ,n+l correspond to the simple reflections r ai 
(1 < i < m — 1) and r aQJ respectively. For a rea/ root a = w(aj) and i/ie reflection 
r a = wo r ai o u) , the formulae /10/d /or any D £ F 2 (X A ,Z) and any d £ #2(^,4, 

iv) Each r i j or ... ^ is an element ofW(n,m). 



r l,2,---,n+l 

o 



n,2 



?"n+2,n+3 



'"m— l,m 



^2,3 



r n +l,n+2 



T'm—2,m—l 



Figure 2: VF(n, m) Dynkin diagram 

We also provide the notion of the nodal hyper-surface. 

Proposition 2.4. [B] The pseudo isomorphism w : Xa X w ^a) is defined for any w £ 
W(n, m) if and only if the divisor class w*(oto) is not effective for any w £ W(n, m). A 
hyper-surface in Xa is referred to as nodal if its class is w*(ao) for some w £ W(n,m). 

Proof. Suppose w*(ao) is effective in Xa for some w, then ao is effective in X W -\^ A ) and 
hence r ao o w^ 1 : Xa —> X raoOW ~i( A ) is not defined. Conversely, suppose w*(ao) is not 
effective for any w. If w : Xa — ► X W ( A ) 1S defined for some w, then ao = w^(w~ 1 (ao)) is 
not effective in X w ia) and hence r ai o w : Xa — ► -Xr Q .o«j(A) is also defined. By induction, 
we can define w : Xa — > -^(A) fo r an y ^- □ 

Let iV njrn denote the set of A £ X njjn such that Xa admits a nodal hyper-surface. 
From Prop. 12.41 the Weyl group W(n, m) acts on X n ^ m \ N n>m as an automorphism. 

In many cases, the Weyl group W(n, m) of an affine or indefinite type may include affine 
sub-groups of the type A^',D^,E^ (symmetric Cartan matrix type). For example, 
when m > n + 7, W{n, m) includes the affine Weyl group of type E^\ as shown in Fig. [3l 
However, it is sufficient to consider the case of m = n + 7, because the affine Weyl group is 
generated by ri^,... , n +i, r n -i,m r n,n+i, • • • , fn+&,n+7 and hence it acts trivially on the part 
obtained by the blow-up at the i-th point for i)n + 7. When n > 3, m > n + 5, Win, m) 
includes the affine Weyl group of type Ey as shown in Fig. 0J 

Next, based on Kac's book [12] (§ 6.5), we introduce translations on H 2 (Xa,%) and 
H2(Xa,%), which were defined in the vector spaces f) and f) v in that book, and we realize 
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Figure 3: E^ Dynkin diagram in W(n, m) 
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Figure 4: .Ey Dynkin diagram in W(n, m) 

them as birational transformations on X\ m . These translations can be considered as 
autonomous dynamical systems on X\ m or non- autonomous ones on P 3 . 

i) Let Po,Pi, ■ ■ ■ , Pi S Q(n,m) generate an affine Weyl group W{w- 1 ') of symmetric type 
s.t. /?!,-•• , Pi generate the finite Weyl group W{R). Let denote the root lattice 
generated by Pi's and let 5 and <5 V denote the null vector and its dual, respectively. Here, 
(5, a y) = ( ai ,5 v } = holds. 

For example, in the E^ case, we have Po = a n+ Q,Pi = a.i +n -2 (1 < i < 7),Ps = Of) 

and 

5 = 3/3 8 + 20x + 4/? 2 + 6/? 3 + 5/? 4 + 4/? 5 + 3/3 6 + 2p 7 + p 

n-2 n+7 

= 3E-Sj2 E i~ 12 E i 

i=l i=n—l 

5 V = 3/3 8 v + 2pX + 4/3 2 v + 6/3 3 v + 5/3 4 v + 4/3 5 v + 3/3 6 v + 2/3^ + /3 v 

n-2 n+7 

= 3(n - l)e - 3^Jei - e,. 

j=l i=n— 1 

ii) Let denote the highest root <5 — /?o an d let y denote 5 V — Pq , then 9 is a positive 
root of W(R) and thus a positive real root of W(R^). Let denote the birational 
transformation TQorp Q on X* m . From Q, for any D € H 2 (Xa, and any d 6 i^C^d, Z), 
we have 

tft.CD) = r*,(Z> + <!>,/#>#>) 

= D- (D,5 v )a n+6 + (D, 5 V +P%)5 

and 

tfoM = d-(5,d)P% + (5 + p ,d)5 v . 

iii) For any element P of the root lattice Q(R^), we define tp^ as 

^(D) = D-(£),<5 v )/3 + (A-i(A^ V + /9> (5) 
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and 

tpjd) = d-(5,d)f3 v + {-±{(3,(3^)5 + (3, d)5\ (6) 

iv) Additivity of tp . For any a, 

t a * ° */3* = t a+ p^ (7) 

holds. In fact, since (a,(3 v ) = (P,a v ) for symmetric root systems, we have t aif otp^D) = 
t a *(D - (D,5 v )a + (D, — \{P, f3 v )5 v + P v }5) = D — (D,5 v )(a + (3) + (D, (-±<a,a v ) - 
i(/3,/3 v ) - (/?, a v ))5 v + a v + /?> = t a+ p*. 

v) For any w in we have 

*«(/9)»=«'* </9, W* 1 - (8) 

Indeed, ^o^o^p) = (D) - (VP), 5 v )/3 + (V^.Kft P^)^ + /?»• 

Now, since w*(6) = 5 and (., .} is preserved by to, (jHJ) holds. 

vi) Since for any there exists w G ^(is^ 1 **) such that /3, = w*(po), any real root /3 of 
W(-RW) can be written as (3 = w*(/?o) for some w G W(-R^). Thus, for any real root (3, 

tp m = w+otp^aw- 1 

holds. From ((7J), for any element (3 = koPo + k\P n -\ + • • • + kiPi of the root lattice Q(R^), 
tp, = tp* o p& o • • • o is an element of W(R^). 

vii) For Pi, we define the birational transformation tp G VF(n,m) on X\ m by 

i ft = wotp ow~ l , 

where w G W(R^) such that = w((3q). Moreover, for any (3 = /co^o + k\P\ + 
••• + kiPi G Q(R^), we define the birational transformation tp G W(n,m) on X* m 
by tp = t k p o o (3 kl o • • • o /3^ ! . Now, on the level of birational transformations, we have 
t a o tp = t a+ p and t w r a \ = w o t a o w~ l for any a, P G and any w G 

These formulae are guaranteed by the fact that the action on H 2 (Xa,^>) uniquely deter- 
mines a birational transformation in W(n, m) if it exists. 

Now, we have: 

Proposition 2.5. Let [3 G Q(R^), there exists a unique birational transformation tp G 
W(n,m) which acts on H 2 (X,Z) and H2(X, Z) as and |j5p. 

Example 2.6. In Eg case, ^ g = i ao is given by 

ta = ?"1,2,— ,n-2,n+2,n+3,n+4 r l,2,- ,n-2,n+5,n+6,n.+7 ^ 
° r l,2,- ,n-2,n+2,n+3,n+4 ° r l,2,--- ,n-2,n-l,n,n+l • 

In the case of n = 2, to = 9, this system coincides with the elliptic difference Painleve 
equation proposed by Sakai [T7] . 

From Prop. 12.51 the following theorem holds. 
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Theorem 2.7. Let I > 2 and let Po,Pi, ■ ■ ■ ,(3i G Q(n,m) generate an affine Weyl group 
W(R^) with symmetric Cartan matrix. Let (3 G Q(R^) s.t. [5 7Lb~. There exist non- 
trivial flows commuting with tp on X\ m , i.e. 
3 t' G W s.t. 

(t') k / {t a ) 1 (k,leZ,k^ 0) and t a o t' = t' o t a 

3 Algebraic degrees of dynamical systems 

Let X, Y, Z be varieties obtained by blow-ups from P n , and let ip : X — » Y be a dominant 
rational map, i.e., the closure of <p(X) coincides with Y. Let ip* denotes the pull-buck of 
ip: ip* : Pic(y) — > Pic(X). We define the algebraic degree of ip: degcp as the degree of the 
deduced rational map <p : P n — > P n . 

Proposition 3.1. The degree of ip coincides with the coefficient of E of (p*(E), where E 
denotes the class of a hyper-plane in P n . 

Proof. Write ip : P n — ■* P n as (/o(x) : /i(x) : ••• : / n (x)) by polynomials fa, where 
/i's are simplified if possible. The class E G Pic(Y~) corresponds to a hyper-plane in Y: 
o-qVq + o-lUi + ' ' ' a nU' n = an( i the class <p*{E) corresponds to the hyper-surface in X: 
ao/o(x) + ai/i(x) + • • • + a n / n (x). Hence the coefficient of E of (p*(E) is the degree of the 
polynomials fa. □ 

Remark 3.2. Let X{ (i G Z) be varieties obtained by blow-ups from P n , and let pi : X{ — » 
Xj+i be a dominant rational map. 

liminf ilogdeg((^ / k_i ° ^k-i ° • ° fo) (10) 

k~*oo K 

is referred to as the algebraic entropy of the dynamical systems {<pi}. This notion is closely 
related to other entropies. Indeed, by Gromov-Yomdin's theorem |1CH 123]. for a surjective 
morphism / from a Kahler complex manifold X to itself, the topological entropy of / 
equals logA(/), where A(/) is the spectral radius of /* : H'(X,R) -» H'(X,R). On the 
other hand, its algebraic degree is given (or defined) by the action on a linear subspace 
H 2 (X,R). 

Definition. For a morphism ip : X — > Y, let ip^ : V{Y) — * V{X) denote the set- 
correspondence defined by the pull-buck, i.e. for V CY, ip*(V) is defined by 

ip* c (V) = {x G X ; 4>(x) G V}. 

Let ip : X --■> Y be a dominant rational map. Let X' be the varieties obtained by 
successive blow-ups it : X' — > X, which eliminates the indeterminacy of tp, and let ip' : 
X' — ► y be the map lifted from ip (Fig. [5]). The set correspondence ip c * : V(X) — > P(y) 
is defined by 
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X — -> Y 
Figure 5: Lift of tp 

(= (p" 1 )* if p is birational) and the set correspondence p* : V(Y) — ► V(X) is denned by 

* /* 
V := vro (/3c . 

Definition. We define the indeterminate component set X{p) and the critical value 
component set C{p) for a dominant rational map ip : X — • > Y as 

2T(</?) := {L € X; 3S C K: irreducible hyper-surface s.t. L is an irreducible 
component of <p*(S) and dimL < n — 1} 

C((/j) := {L G Y; 3S C X: irreducible hyper-surface s.t. L is an irreducible 
component of <p c *(S) and dimL < n — 1}. 

Proposition 3.3. Lei / : X —-> Y and g : Y —-> Z be dominant rational maps. Then 

(gof)*(D) = rog*(D) 

holds if and only if'C(f) C\Z(g) = 0. 

Proof. Without loss of generality, we can assume that D is an irreducible hyper-surface. 
There exist irreducible hyper-surfaces D%, D2, ■ ■ ■ , An C Y, subvarieties L\, L2, ■ ■ ■ ,L\ G 
1(g), and positive integers 7*1, T2, • • • ,r m such that g*(D) = A + D2 + • • • + An + L\ + 
■ ■ ■ + L[ ("+" implies set sum) and g*(D) = r\D\ + r2A + • • • + r m D m . Similarly, 
for each A, there exist irreducible hyper-surfaces A,i) A,2> • • • j A,™* C X, subvarieties 
Li,i,L{,2, ■ ■ ■ ,Li,u G 1(f), and positive integers r i;1 , r i;2 , ■ ■ ■ ,r» imj such that /*(A) = 

A,l H H A,m 4 + H 1- Liji and /*(A) = ^ 5 iA,i H h fj^A,™,- Hence, we 

have 

i=i j=i 

Now, it can be easily observed that (g o f)*(D) — f* o g*(D) > holds, and the equality 
holds iff Lj G C(/) for some i. □ 

The following proposition immediately follows from Prop. 13.31 

Proposition 3.4. Let X{ (i G Z) 6e varieties obtained by blow-ups from P n ; and let 
Pi : Xi —■* Xi + i be a dominant rational map. Then, 

(p i+j o • • • o cpi)* = ipl o ■ • • o p* +j (11) 
/or any i,j if and only if 'C(<pi+j—i o • • • o ^) nZ(</?j+j) holds for any i,j. 



10 



A sequence of dominant rational maps satisfying condition JTTJ for any i,j > is 
referred to as "analytically stable" in [18] (cf . [7] ) 

Corollary 3.5. A sequence of pseudo-isomorphisms is analytically stable. 



Example 3.6. Set n - 
bE + b 1 E 1 + b 2 E 2 + 



4 in example 12.61 Further, an element of Pic(Xa) is written as 
• + ftn-Eii- For the translation t ao in example 12 .61 the induced 
map t* aQ : Pic(X taQ (^)) — > Pic(X^) is described as a linear transformation for the vector 

[b, h,b 2 , ■ ■ ■ , fen]* as 



28 


9 


9 


1 


1 


1 


4 


4 


4 


4 


1 


1 " 


-27 


-8 


-9 


-1 


-1 - 


-1 


-4 


-4 


-4 


-4 


-4 


-4 


-27 


-9 


-8 


-1 


-1 - 


-1 


-4 


-4 


-4 


-4 


-4 


-4 


-15 


-5 


-5 





-1 - 


1 


-2 


-2 


-2 


-2 


-2 


-2 


-15 


-5 


-5 


-1 


- 


1 


-2 


-2 


-2 


-2 


-2 


-2 


-15 


-5 


-5 


-1 


-1 





-2 


-2 


-2 


-2 


-2 


-2 


-6 


-2 


-2 











c 


-1 


-1 


-1 


-1 


-1 


-6 


-2 


-2 











-1 





-1 


-1 


-1 


-1 


-6 


-2 


-2 











-1 


-1 





-1 


-1 


-1 


-6 


-2 


-2 











-1 


-1 


-1 





-1 


-1 


-6 


-2 


-2 











-1 


-1 


-1 


-1 





-1 


-6 


-2 


-2 











-1 


-1 


-1 


-1 


-1 
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Jordan normal form are 






























" 1 1 


" 








1, 


1, 1, 


1, 


1, 1, 


1, 1 


1 




1 


1 


i 























1 









the elements of (t l ao )* grow quadratically with respect to I. 
The following theorem generalizes this example. 

Theorem 3.7. Let /3o , /3i , ■ ■ ■ , A G Q(n,m) generate an affine Weyl group W(RW) of 
the symmetric type. Let (3 G Q(R^) be not in "L5, and let tp be the translation defined as 
in the previous section. There exists lim/^ 00 (degi^)// 2 > 0, and therefore, the algebraic 
entropy oftp: Hrm-^ jlogdegt^ is 0. 

Remark 3.8. From ([7]), if (3 G Z5, then is the identity. 

Proof. From Prop. 12.51 we have 

(t l p )*(E) = t^E)=t_^(E) 

= E + 1{E, 5 y )f3 - (E,^((3, ^)l 2 5 y + l(3 y )5 

= E + {n- 1)1(3 - (hp, /3 v )(n - l)/ 2 + (E, /3 V ) l) 5; 



0e 
□ 



therefore, the coefficient of E is in the order I 2 except the case where (/?, /3 V ) = 
ZS. 



1 In p], Bedford and Kim referred to this notion "(1, l)-regularity" . Here, the term "(1, 1)" arises from 
the fact that ci (Pic (X)) = c 1 (H 1 (X,O x )) ~ H 1A (X,Z) := # M (X) n H 2 {X, Z), where Cl is the 1st Chern 
map. 
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4 Preserved divisor classes 



In this section, for the Ej and E^' cases, we investigate the existence of quantities on 
the fibers Xa preserved by the translation tp : Xa — > -X*g(A)- 

In order to find preserved quantities, we have to chose coordinates of X\ m so that the 
preserved hyper-surfaces are fixed by the time evolution. It should be noted that the class 
of the proper transform of a hyper-surface in P 3 is k$E — YliLi ^i^i € Pic(X^), where 
ko > 1 is the degree of the surface and ki > (i = 1, 2, • • • , m) is its multiplicity at the 
point P{. 

Let m > n + 7. We set /3q, Pi, ■ ■• , A £ Q( n , m ) m a manner such that they generate 
the affine Weyl group W(E^), as described in Section 2. The result for the E^ case is 
presented at the end of this section. 

we show the following theorem. 

Theorem 4.1. Let (3 G Q(E^ 1} ) be not in Z8. For a generic parameter A £ X(n,m), 5 
is (a unique effective class (up to a constant multiple)) preserved by the dynamical system 
tp. 

Remark 4.2. Unfortunately, uniqueness is still a conjecture. 
The parameters A E X(n,m) can be normalized as 

/ 



:i2) 





hi 


bi2 


bw 


C0,n+8 ' 


Co, m 


In-2 


b n -2,i 


bn-2,2 ■ ■ 


bn-2,9 









1 

p(«l) 


1 

P{U2) ■ ■ 
P{U2) ■ 


1 

■ pM 


C n ,n+8 ' 





\ 



where (&y)i<i< n -2, i<j<4 can be fixed as 



Hj)l<i<n-2, l<j<4 




and p{u) is the Wierstrass p function of periods (1,t). The linear system of <5 is then 
given by the hyper-surface 



where gi and 53 are constants determined by the periods. 

The action of W(E^) on (x n _2 : x n -\ : x n ) € IP 3 is the same as that with Sakai's 
elliptic difference Painleve equation [T7]; hence, we arrived at the following corollary. 

Corollary 4.3. The period r is preserved by W(E^), and the actions on parameters U{ 
are linear transformations, which are described as follows: 
i) rp s acts on U{ and on u (7^ m) as 
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Ui !-»• Ui — + u 2 + u 3 ) (1 < i < 3), Ui i-> Uj + + «2 + "U 3 ) (4 < i < 9), 
-a Ui) h-> « + + u 2 + u 3 ); 

ii) rg. (1 < j < 7) acts as 

itj i-> Ui (i / j, j + 1), «j h-> Uj+i , itj+i i ^ u Ui) h-> u; 

iii) rg acts as 

tij i— > tij (i 7^ 8, 9), tig i ^ 7/9 ? ""9 ^8; u(y^ Ui) 1— > u. 



Proof of the uniqueness of Th. \4-l 



Fix G Q(e£ ] ) and suppose -D G Pic(X^) is preserved by tp. Since the coefficients of 
(3 and 5 in formula ([5]) should be zero, D is in the sub-lattice spanned by < ? < n — 
3, n — 1 < i < n + 6), (5, and the canonical divisor class i^x A = ~~ ( n + 1)-^+ (n— 1) X^=i E i- 
The proof is based on the following elementary conjecture. The author can prove only 
the case of n = 2, 3 in an elementary way. 

Conjecture 4.4. Let the points Pi (1 < i < m) be in a generic position. The dimension 
of the linear system \koE — Y17=i ki E i\ ^ s given by (negative dimension implies the empty 
set in this case): 

m 

n+\Hk ~ 1 + max {n+l-^fc ll +fe l2 +-+fc is -(s-l)fc -s ; °},(13) 

s=l l<ii<i2<---<i s <m 

(U + V — l\ 
\ denotes the repeated combination. 

Lemma 4.5. Let ki > kj > 0. For divisors 

m 

D = k E~Y, hEi 

i=i 

and 

D' = k E - k i E ^j ~ E i + E h 

the inequality dim(|D|) < dim(|-D'|) holds, where the equality holds if and only if hi = kj+1. 

Proof. Without loss of generality, we can assume i = l,j = 2. We define function 
fd(ki, k 2 ,x, y) (d = 1, 2, 3, • • • and i,i/£l) recursively as 

/i(^i,fc 2 ,x, y ) = -(( n + " 1+ n x + y - 1 )vo)-(( n + fc2+ n 2; - y - 1 )vo 

fd(k 1 ,k 2l x,y) = fd-i(h,k 2 ,x,y) - fd-i(fa, k 2 , x + k d+1 , y). 

It is sufficient to show that fd(ki, k 2 , x,y) decreases with respect to y. By induction for d, 

d s+t f d 



□ 



it is easy to show that — — — — < for s = 0, 1, 2, • • • and t = 0, 1. 

ox s oy t 

From Conj. 14.41 dim([zi5|) = and dim|(— zKg \) < hold for z > G R, and thus, 
by Lemma |4.5| 5 (up to a constant multiple) is the unique effective class preserved by ta. 
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□ (Uniquness of the Th. I4.ip 



Results for the case 



Let m > n + 5. We set the root basis as j3y = ao, A = a n ^ + i (1 < i < 6), and Po = 
a n+ 4. Further, we also set the null root 6 as 5 = 2/3 7 + + 2/3 2 + 3/?3 + 4/3 4 + 3/3s + 2/3 6 + /3 . 
The translation tp is defined by ©. For generic parameters, 5 is preserved by tp ((3 Z5). 

The parameters ^4 G X(n, m) can be normalized as 

/ 





&11 


bi2 


bis 


C0,n+6 - 




In-2 


b n -2,i 


b n -2,2 


bn-2,8 








1 


1 


1 









p(«l) 
p'(«l) 
p(«l) 2 


P(«2) • 

p'{u 2 ) ■ 
P(u 2 ) 2 ■ 


• p(us) 

■ P(u 8 ) 

■ P(u 8 ) 2 


Cn,n+6 


Cn,m / 



V 

where (6ij)i<i<n-3, i<j<4 can be fixed as 

(^')l<i<n-3, l<j<5 



/0 1 N 



\0 1, 

The corresponding divisor of 5 is given by the pencil of the hyper-surfaces 



Ci(x 2 n _ 



X„.-2X n + g2X n -2X n -Z + 93xl_ 3 ) + C 2 (iC^_ 2 



Xn— 3Xn) — Oi 



(14) 



where C\ and C 2 are constants s.t. (Ci,C 2 ) € P . 

The action of W(E^) on (x n _3 : x n _ 2 : x n -i '■ x n ) € P 3 is the same with that on 
X(3, 8 + 1), which was studied in [21]. From the result of [21], the action of W(Ej) on 
P n preserves each hyper-surface, which is independent of the parameters A, and hence 
it also preserves r and {C\ : C 2 ). Moreover, the action can be reduced to the action 



on the lower dimensional rational variety 



C n 3 through Segre embedding 



: (x : x 1 ,y : y t ) ^ (x y : x yi : x x y Q : 212/1). 



5 Elliptic difference case 

Since the time evolution of the parameters A may not be solved in general as in the previous 
section, the systems should not be considered as n-dimensional but n + mn — ((n + 1) 2 — 1) 
= n + (the freedom of m points) — (the freedom of PGL(n)) -dimensional. On the other 
hand, Kajiwara et al. [13] has proposed a birational representation of the Weyl group 
W(n, m), in which all the points of blow-ups lie on a certain elliptic curve in P" and the 
actions on the parameters can be written as linear transformations on a torus q In this 

2 This calculation was carried out in a rather heuristic manner. We can recover it in an algebro geometric 
way for the elliptic curves of degree n + 1 [S]. 
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section, we show that the time evolution of the parameters can be solved in the case where 
the points of the blow ups are parameterized as in Kajiwara et al. Further, we represent 
the dynamical systems explicitly. 

Suppose that the points Pi (i = 1, 2, • • • , m) are on the curve 



P(z) 



[A + zi - z] _ _ [A + z n+ i - z] 
[zi - z] ' [z n+1 - z] 



z G C , 



(15) 



where [z] = z, sinz or 9u(z): a theta function whose zero points are 7L + Zr with the 
order 1, A = zq — z\ — Z2 — ■ ■ ■ — z n +\ G C, and the point Pi corresponds to z = z; L G C. 
The following proposition is due to |13j . 



Proposition 5.1 (Kajiwara et al). The birational maps rj^+i act on the parameter space 
(zi,-- - ,z m ,X) as 



r i,i+i '■ {zi, ■ ■ ■ , Zi, Zi+i, • • • , z n+ i; A) i— > [z\, ■ ■ ■ , Zj+i, Zi, ■ ■ ■ , z n+ \; A), (16) 



where 



and they act on ¥ n as 



A (i^n + 1) 

A + z n+ i - z n+2 (i = n + 1) ' 



(17) 



where 



x = (x : 



(if i = l,2, ■ 



x 



diag 



[A + zi - z„+2] [A + z n +i - z„ +2 ] [zi - z„+2] [A + z 2 - z n+2 ] [A + z n+l - z n+2 ] [z 2 - z n+2 ] 

[Z\ — Z n + {\[z n + l — Z n + 2 \[X + Z\ — Z n + 2 ] [z 2 — 2 n + l][2 n + l — 2 n + 2][A + 22 — Zn+2] 

[A + z„ - 2, l+2 ][A + 2„ + i - z n+2 ][z„ — z n+2 ] r[\ + z n+ i - 2 n+ 2] 



/ 1 

1 







[z„ - Z n +l][z n +l - 2n+2][A + 2„ — 2 n+ 2] ' [2 n+ 2 - Z n +l][Zn+l - z n + 2 } 
^ ' . — A — "1 — ~. , . 1 • > \ 





A + 2„ + l — 2 n + 2 
2 n+ l - 2 n+2 ][A + 


[*1 
22 


— Zn + 2 

— z n+2 


[A + 2 n + l - 2 n + 2 


[^2 


~ Zn+2] 


[z n+1 - 2 n+2 ][A + 


Zrh 


- Zn + 2] 



[A + 2„ + l - Z n + 2 ][z n - Z n + 2 ] 
[Zn + l — Zn + 2] 
[\ + Zn + l - Zn+2] 



x (if i = n + 1) 



x 



x (if i = n + 2, n + 3, • • • , m — 1). 



T/ie birational maps r\ 2,— ,n+l ac t on the parameter space as 
n,2,-,n+i : {zi,\) ^ (zl,-\), where zl = 



Zi + A (1 < i < n + 1) 
Zj (n + 2 < i < m) 



(18) 
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and they act on P™ as 

n,-,n+i ■ Oo : • • • : x n ) h-> (xq 1 : ■ ■ ■ : x^ 1 ). (19) 
Moreover, by ra+\ and r\ 2— n+i> the point P{z) (z ^ z{) is mapped to the point P{z): 

'[X + Zi — z] _ [A + z n+ i - z) ' 



P(z) 



(20) 



pi - z\ [Z n+1 - z\ 

where (z±, ■ ■ ■ ,z m ; A) are given by (TTgj) and O&j) . respectively. 

Proof. Notice that Pi = (0 : • • • : : 1 : : • • • : 0) (1 is the i-ih. component). It is easy 
to prove for T\ 2,— ,n+l- Indeed, by the standard Cremona transformation with respect to 
Pi, - " > Pn+i, the point P(z) (z ^ Z{ i = 1, 2, • ■ ■ , n + 1) is mapped to the point 

[zi - z] 



[X + zi- z] 



l z n+l — Z\ 

[A + z n+ i - z] 



(21) 



Suppose (fT8j) . then (|2T|) coincides with ([20|) . while P(^i) = Pi(zi) is also satisfied for 
i = 1, 2, • • • , n + 1. The case of r^-fi is also shown by the definition of in Section 2, 
normalization of (Pi, • • • , Pj+i, Pi, • • • , Pn+2) to 



In 



+ 1 



V 



[A+£l— £n+g] \ 

[zx -z n+2 \ > 

[A+Zn + 1— Zn + 2] I 

[z n + l—Z n + 2\ / 



and the Riemann relation 

[a + 6] [a — 6] [c + z] [c — z] + (a6c cyclic) 



0. 



□ 



Remark 5.2. In (|16p and (|18p . A G C x is an extra-parameter, i.e., A is independent of the 
parameter A. 



In order to investigate the preserved quantities for dependent variables, we present 
the following conjecture, which has been verified for n < 5 by M. Eguchi (in a private 
seminar) . 

Conjecture 5.3. Suppose that the blowup points Pi G P n lie on an elliptic curve of degree 
n+1, then dim | — Kx j = holds if n is even and dim | — \Kx \ = 1 holds if n is odd. 

This conjecture suggests that our system of odd dimension may reduces to (n — 1)- 
dimensional system (cf. [2 lj ) . 

Example 5.4. The translation t ao of example 12.61 acts on the parameters as 

' Zi + 9A + Aw (1 < i < n - 2) 

Zi + 5A + 2w (i = n — 1, n, n + 1) 

Zi + 2X + w (n + 2<<n + 7) 

Zi (n + 8 < i < m) 
A 1— > — 5A — 2«; , 
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z n+ 7 and acts trivially on any point P(z) 



z. 



where w = 2z n -\ + 2z n + 2z n+ \ - z n+2 
on the elliptic curve except on Pj as z h 

Next, we represent the action of i ao on P n explicitly. For simplicity, we set n = 4. One 
can easily generalizes this calculation for n-dimensional case. In this study, the actions 
°f f\, 2,6,7,8 and r i, 2,9, 10,11 are calculated. Let ix,i2,H be integers such that 6 < %\ < i 2 < 
23 < m. By a calculation similar to the one on page 36 of [21| (see also [8]), we have 



/ 1 



n,2, 



«1,«2,«3 



(x) 



( Pfr) P(z 2 ) P(z h ) P(z i2 ) P(z i3 ) ) 



2,11,12,13 
^1,11,12,13 
1,2,12,13 



\ 



V 



^1,2,U,13 

'l,2,ii ,?2 



where 



^1,^2,^3,^4 



I TO PC^J 


••• %) 


1 p^fe) • 


■■ PiW | 




x p (^fcl) 


••• m 4 ) 1 





and is given by PropEU 

Example 5.5. The translation t ao of the E 7 
section acts on the parameters as 



(i) 



A 



Zi + 4A + 3w 
Zi + 3A + 2u> 
2j + A + w 

Zi 

3A - 2k;, 



where w = z n _ 2 + z n -\ + z n + 2; n +i - z n+2 
P(z) on the elliptic curve except on Pi. 



case discussed at the end of the previous 

(1 < i < n-3) 
(n - 2 < i < n+ 1) 
(n + 2 << n + 5) 
(n + 6 < i < m) 

■ ■ ■ — z n +s and acts trivially on any point 



6 Conclusion 

In this paper, we have proposed n-dimensional dynamical systems associated with trans- 
lations of affine Weyl groups, which are included in a Weyl group of indefinite type. In 
order to examine their integrability, we computed their algebraic entropy and investigated 
the existence of preserved divisor classes. We also studied the case where the points of 
blowing-up are on some elliptic curve. Following is a comparison of our systems with the 
elliptic discrete Painleve equation. 

• The elliptic discrete Painleve is an isomorphism of a family of rational surfaces. Its 
degree grows in the quadratic order. The evolution of the parameters can be written by 
elliptic functions. 

• Our system in general case is a pseudo-isomorphism of a family of rational varieties. 
Although its degree grows in the quadratic order, the evolution of the parameter may not 
be able to be solved. 

• Our system in the elliptic case is a pseudo-isomorphism of a family of rational varieties. 
Its degree grows in the quadratic order, and the evolution of the parameter can be written 
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by elliptic functions. Moreover, we have conjectured that the odd-dimensional system 
reduces to (n — l)-dimensional one. 

• For further comparison, we give some properties of dynamical systems associated with 
a general element of infinite order of the Weyl group W(n,m). Such system is a pseudo- 
isomorphism of a family of rational varieties. Its degree grows exponentially, i.e. the 
algebraic entropy is positive. The evolution of the parameter may not be able to be solved. 
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